Let/ ■ [0,1] -» R possess a finite approximate derivative/' . Let E be the set of points x where / is actually differentiable. It is shown that for every X if [x •■ f'ip(x) = X} ¥= 0, then {x ■■ f'^(x) = X } n E # 0. A strengthening of the mean value theorem associated with approximate derivatives is an immediate corollary.
Introduction. In this paper we will be interested in functions/ = [0,1] -► 7? which possess a finite approximate derivative /' . More precisely, we will investigate the set E where/is actually differentiable. Several facts are already known about E. For example in [1] , C. Goflfman and C. J. Neugebauer provide a simple proof that E contains a dense open subset of [0, 1] . Further, in [4] , C. E. Weil develops two interesting properties of E. One property is that for every pair of numbers a, b if [x •■ a < /ap(x) < b) =£ 0, then {x ■• a < /' (x) < b) n E ¥= 0. Here, using methods not dependent on Weil's results, we establish a stronger property of E. Namely, for every real number A, if {x ■ f'(x) = X) =/= 0, then {x ■ /ap(x) = A} n E ¥= 0. This also shows that /' has the Darboux property on E because f has the Darboux property. In turn, this leads to a strengthening of the mean value theorem associated with approximately differentiable functions.
We will use the following basic definitions and known properties: Let m denote Lebesgue is the derivative of / on [a, b], one-sided at the endpoints. For further elaboration see [1] and [4] .
We will need one lemma, the proof of which is straight-forward and differs very little from a lemma in Tolstoff [3, p. 499] Proof. It will suffice to let X = 0. In the general case we would then consider g(x) = f(x) -Xx. We let G denote the closure of {x :/LM = 0}. By the Darboux property of/'
we have that, on any component interval of the complement of G, /' is of constant sign. Hence by Property 2, / is strictly monotonic and differentiable on the closure of each such component, onesided at the endpoints. In turn, this assures us that/' exists and equals zero at any isolated point x0 of G. We therefore need only consider the case where C7 is perfect. The intersection of the sequence of sets G n [a", bn ] will be nonempty, and at any x0 in this intersection /' exists and equals zero.
Since f is a Baire class 1 function and G is a perfect set, the function /' has a point of continuity relative to G in / n G. Since [x ■ f'(x) = 0} is dense in G, /' = 0 at any such point of continuity. Hence for the c given above we may find a closed subinterval of /, Ix = [cx, dx ], whose endpoints are bilateral limit points of G, such that |/' Ml < e f°r an xia Ix n G. Proof. This is obvious since /' has the Darboux property. Proof. In [1] it is shown that there is an xx in (0, 1) such that/(l) -/(0) = /;p(x,). Hence {x =/;p(x) = /(l) -/(0)} # 0.
